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COUPLED COINCIDENCE POINTS FOR HYBRID PAIR

OF MAPPINGS VIA MIXED MONOTONE PROPERTY

HASSEN AYDI, MUJAHID ABBAS AND MIHAI POSTOLACHE

Abstract. We prove a coupled coincidence point theorem for a hybrid pair of single
valued and multi-valued mappings satisfying generalized contractive conditions, defined
on a partially ordered metric space. Our results unify, generalize and complement several
known comparable results from the current literature.

1. INTRODUCTION

The study of mixed monotone mappings is an active area of research due to its wide
scope of applications. The theory of mixed monotone multi-valued mappings in ordered
Banach spaces was extensively investigated in [29]. Existence of fixed points in ordered
metric spaces was initiated by Ran and Reurings [26], and further studied by Nieto and
López [24], [25]. Several authors studied the problem of existence and uniqueness of a fixed
point for mappings satisfying different contractive conditions in the framework of partially
ordered metric spaces [2], [4], [5], [7], [8], [19], [23], [26] and references therein.

In [7], Bhaskar and Lakshmikantham introducing the concept of coupled fixed point
of a mapping F : X × X → X , considered some coupled fixed point theorems in partially
ordered sets. As an application, they studied the existence and uniqueness of solution
for a periodic boundary value problem associated with a first order ordinary differential
equation. Sabetghadam et al [27] employed these concepts to obtain coupled fixed point

in the framework of cone metric spaces. Lakshmikantham and Ćirić [19] introduced the
concepts of coupled coincidence and coupled common fixed point for mappings satisfying
nonlinear contractive conditions in partially ordered complete metric spaces and generalized
the results given in [7]. The study of fixed points for multi-valued contractions mappings
using the Hausdorff metric was initiated by Markin [20] and [22]. Later, an interesting
and rich fixed point theory for such mappings was developed which has found applications
in control theory, convex optimization, differential inclusion and economics (see, [12] and
references cited therein). Klim and Wardowski [18] also obtained existence of fixed point for
set-valued contractions in complete metric spaces (see also [21]). Dhage [9, 10] established
hybrid fixed point theorems and gave applications of their results (see also [11]). Hong in
his recent work [13] proved hybrid fixed point theorems involving multi-valued operators
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which satisfy weakly generalized contractive conditions in ordered complete metric spaces.
For applications of hybrid fixed point theory we refer to [14], [15] and [16].

However, a study of coincidence point and common fixed points of hybrid pair of map-
pings is also equally interesting. Recently, Abbas et al. [1] introduced the concept of w-
compatible mappings to obtain coupled coincidence point and coupled point of coincidence
for nonlinear contractive mappings in cone metric spaces with a cone having non-empty
interior.

This paper aims to introduce some coupled coincidence point results for a hybrid pair
{g, F} of single valued and multi-valued mappings satisfying generalized contractive condi-
tions defined on partially ordered metric spaces.

For a survey of a coincidence point theory, its applications and related results, we refer
to [28], and references contained therein.

2. PRELIMINARIES

Following definitions and results will be needed in the sequel.

Let (X, d) be a metric space. For a point x ∈ X and a subset A ⊆ X , consider the
metric d(x,A) = inf{d(x, y) : y ∈ A}. We denote by CB(X) a class of all nonempty bounded
and closed subsets of X . Let H be the Hausdorff metric induced by the metric d on X , that
is,

H(A,B) = max{sup
x∈A

d(x,B), sup
y∈B

d(y,A)},

for every A,B ∈ CB(X).

Definition 2.1. Let be given the mappings F : X × X → CB(X) and g : X → X . An
element (x, y) ∈ X ×X is called:

1. a coupled fixed point of a set valued mapping F if x ∈ F (x, y) and y ∈ F (y, x);
2. a coupled coincidence point of a pair {F, g} if gx ∈ F (x, y) and gy ∈ F (y, x);
3. a coupled common fixed point of a pair {F, g} if

x = gx ∈ F (x, y) and y = gy ∈ F (y, x).

Lemma 2.1 (Nadler, [22]). Let α > 0. If A,B ∈ CB(X) with H(A,B) ≤ α, then for each
a ∈ A there exists an element b ∈ B such that d(a, b) ≤ α.

Lemma 2.2 (Nadler, [22]). Let {An} be a sequence in CB(X) with lim
n→+∞H(An, A) = 0,

for A ∈ CB(X). If xn ∈ An and lim
n→+∞ d(xn, x) = 0, then x ∈ A.

Beg and Butt [6] have proved some coupled fixed point results for set valued mappings in
partially ordered metric spaces by following the technique of Bhaskar and Lakshmikantham
[7]. For this purpose, they introduced a generalized mixed monotone property for a set
valued mapping.

Definition 2.2 ([6]). Let X be a partially ordered set and F : X×X → CB(X) a mapping.
F is called a mixed monotone mapping if for xi, yi ∈ X (i = 1, 2), with x1 ≤ x2 and y2 ≤ y1,
then for all u1 ∈ F (x1, y1) there exists u2 ∈ F (x2, y2) such that u1 ≤ u2 and for all
v1 ∈ F (y1, x1) there exists v2 ∈ F (y2, x2) such that v2 ≤ v1.

Theorem 2.1 ([6]). Let (X,≤, d) be a partially ordered complete metric space. Consider
F : X ×X → CB(X) be a set valued mapping, such that:
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(a1) There exists k ∈ (0, 1) such that

H(F (x, y), F (u, v)) ≤ k

2
(d(x, u) + d(y, v)),

whenever x ≥ u and y ≤ v.
(a2) Given xi, yi ∈ X, (i = 1, 2), with x1 ≤ x2 and y2 ≤ y1, then for all u1 ∈ F (x1, y1)

there exists u2 ∈ F (x2, y2) such that u1 ≤ u2 and for all v1 ∈ F (y1, x1) there exists v2 ∈
F (y2, x2) such that v2 ≤ v1 provided d(u1, u2) + d(v1, v2) < 1.

(a3) There exist x0, y0 ∈ X and some x1 ∈ F (x0, y0), y1 ∈ F (y0, x0) with x0 ≤ x1,
y0 ≥ y1 such that d(x0, x1) + d(y0, y1) < 1− k, where k ∈ (0, 1).

(a4) If a non-decreasing sequence {xn} is convergent to x in X, then xn ≤ x, for all n
and if a non-increasing sequence {yn} is convergent to y in X, then yn ≥ y, for all n.

Then F has a coupled fixed point.

Remark 2.1. Note that, there was a gap in the proof of above theorem. In fact, when
applying at the same time Lemma 2.1 and Definition 2.2 in order to construct a Cauchy
sequence, the authors in [6] take identical elements which need not to be equal in general.
The same remark concerns a very recent paper of Hussain and Alotaibi when proving [17,
Theorem 3.1].

Lakshmikantham and Ćirić [19] introduced a mixed g-monotone property for single
valued mappings.

Definition 2.3 ([19]). Let (X,≤) be a partially ordered set. Let F : X × X → X and
g : X → X be two mappings. The map F is said to have mixed g-monotone property if
F (x, y) is monotone g-non-decreasing in x and is monotone g-non-increasing in y, that is,
for any x, y ∈ X ,

gx1 ≤ gx2 implies F (x1, y) ≤ F (x2, y)

and

gy1 ≥ gy2 implies F (x, y1) ≤ F (x, y2).

Note that if gx1 ≤ gx2, gy1 ≥ gy2 and F has mixed g-monotone property, by Definition
2.3, we obtain

F (x1, y1) ≤ F (x2, y2) and F (y1, x1) ≥ F (y2, x2).

To develop our original results, we introduce a generalized mixed g-monotone property
for a set valued mapping F : X ×X → CB(X), where g : X → X . In this sequel we shall
apply the following notion (see [13]).

Definition 2.4. Let (X,≤) be a partially ordered set. Let A,B be two subsets of X . We
say that A ≤1 B if for each a ∈ A and each b ∈ B, we have a ≤ b.

Definition 2.5. Let (X,≤) be a partially ordered set. Let F : X × X → CB(X) and
g : X → X be two mappings. We say that the mapping F has a generalized mixed g-
monotone property if gx1 ≤ gx2 and gy2 ≤ gy1, xi, yi ∈ X (i = 1, 2) implies that

F (x1, y1) ≤1 F (x2, y2) and F (y2, x2) ≤1 F (y1, x1),

that is, for all u1 ∈ F (x1, y1) and all u2 ∈ F (x2, y2) we have u1 ≤ u2 and for all v1 ∈ F (y1, x1)
and all v2 ∈ F (y2, x2) we have v2 ≤ v1.
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The purpose of the main section is to study coupled coincidence and coupled point
results of F : X ×X → CB(X) and g : X → X employing a generalized mixed g-monotone
property for set valued mapping in partially ordered metric spaces. Also, we overcome the
gap cited in Remark 2.1.

3. MAIN RESULTS

We denote by Φ the set of non-decreasing continuous mappings φ : R → R satisfying
the following two properties:

(a) 0 < φ(t) < t, for all t > 0,

(b)

+∞∑
n=1

φn(t) < +∞, for all t > 0.

Let φ ∈ Φ. From (b), we obtain lim
n→+∞φn(t) = 0, for all t > 0.

Our main result is the following.

Theorem 3.1. Let (X,≤) be an ordered set such that there exists a metric d on X. Consider
the mappings g : X → X and F : X ×X → CB(X) such that F (X ×X) ⊂ g(X) and satisfy
the following conditions:

(A1) There exists φ ∈ Φ such that

H(F (x, y), F (u, v)) ≤ φ
(d(gx, gu) + d(gy, gv)

2

)
(3.1)

whenever gx ≥ gu and gy ≤ gv.
(A2) g(X) is a complete subspace of X.
(A3) F has a generalized mixed g-monotone property.
(A4) There exist x0, y0 ∈ X and for some z1 ∈ F (x0, y0), w1 ∈ F (y0, x0) we have

gx0 ≤ z1 and gy0 ≥ w1.
(A5) If a non-decreasing sequence {xn} is convergent to x in X, then xn ≤ x for all n,

and if a non-increasing sequence {yn} is convergent to y in X, then yn ≥ y for all n.
Then F and g have a coupled coincidence point, that is there exist x, y ∈ X such that

gx ∈ F (x, y) and gy ∈ F (y, x).

Proof. Suppose that x0 and y0 are arbitrary points of X . By (A4), there exist z1 ∈ F (x0, y0)
and w1 ∈ F (y0, x0) such that gx0 ≤ z1 and gy0 ≥ w1. By assumption F (X ×X) ⊂ g(X),
there exist x1, y1 ∈ X such that gx1 = z1 ∈ F (x0, y0) and gy1 = w1 ∈ F (y0, x0). Thus,
gx0 ≤ gx1 and gy0 ≥ gy1. Applying this in inequality (3.1), we have

H(F (x1, y1), F (x0, y0)) ≤ φ
(d(gx1, gx0) + d(gy1, gy0)

2

)
, (3.2)

and

H(F (y0, x0), F (y1, x1)) ≤ φ
(d(gy0, gy1) + d(gx0, gx1)

2

)
. (3.3)

If d(gx0, gx1) = d(gy0, gy1) = 0, then gx1 = gx0 ∈ F (x0, y0) and gy1 = gy0 ∈ F (y0, x0).
Consequently (gx0, gy0) is a coupled coincidence point of F and g.

Assume that either d(gx0, gx1) 	= 0 or d(gy0, gy1) 	= 0. Take

ε =
d(gy0, gy1) + d(gx0, gx1)

2
> 0.
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Using a property of φ, we have φ(ε) > 0, so from (3.2), we get that

H(F (x0, y0), F (x1, y1)) ≤ φ(ε). (3.4)

Since gx1 ∈ F (x0, y0), then by (3.4) and Lemma 2.1 there exists z2 ∈ F (x1, y1) such that

d(gx1, z2) ≤ φ(ε).

Since F (X ×X) ⊂ g(X), there exists x2 in X such that z2 = gx2. Thus

d(gx1, gx2) ≤ φ(ε). (3.5)

By analogy, (3.3), gy1 ∈ F (y0, x0), F (X×X) ⊂ g(X) and Lemma 2.1 give the existence
of w2, y2 with w2 = gy2 ∈ F (y1, x1) such that

d(gy1, w2) = d(gy1, gy2) ≤ φ(ε). (3.6)

By (3.4) and (3.6), we have

d(gy1, gy2) + d(gx1, gx2)

2
≤ φ(ε). (3.7)

Since we have gx0 ≤ gx1, gy1 ≤ gy0, gx1 ∈ F (x0, y0), gy1 ∈ F (y0, x0), gx2 ∈ F (x1, y1) and
gy2 ∈ F (y1, x1), by assumption (A3), we get

gx1 ≤ gx2 and gy2 ≤ gy1.

Applying this in (3.1) and using (3.7), we obtain

H(F (x2, y2), F (x1, y1)) ≤ φ
(d(gx2, gx1) + d(gy2, gy1)

2

)
≤ φ2(ε).

Similarly,
H(F (y1, x1), F (y2, x2)) ≤ φ2(ε).

Since gx2 ∈ F (x1, y1) then by Lemma 2.1 there exists z3 ∈ F (x2, y2) such that

d(gx2, z3) ≤ φ2(ε).

Since F (X ×X) ⊂ g(X), there exists x3 in X such that z3 = gx3. Thus

d(gx2, gx3) ≤ φ2(ε). (3.8)

Similarly, there exists w3 = gx3 ∈ X such that

d(gy2, gy3) ≤ φ2(ε). (3.9)

Summing (3.8) and (3.9), we find

d(gx2, gx3) + d(gy2, gy3)

2
≤ φ2(ε). (3.10)

Again, applying assumption (A3) we have gx2 ≤ gx3 and gy2 ≥ gy3
Continuing similarly this process, we have gxn+1 ∈ F (xn, yn), gyn+1 ∈ F (yn, xn) with

gxn ≤ gxn+1, gyn ≥ gyn+1 such that

d(gxn, gxn+1) ≤ φn(ε),

and
d(gyn, gyn+1) ≤ φn(ε).

Thus,
d(gxn, gxn+1) + d(gyn, gyn+1)

2
≤ φn(ε).
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Put tn = d(gxn, gxn+1) + d(gyn, gyn+1), so for any n ∈ N

tn ≤ 2φn(ε). (3.11)

Since lim
n→+∞φn(ε) = 0, therefore (3.11) gives lim

n→+∞ tn = 0, that is

lim
n→+∞ d(gxn, gxn+1) = lim

n→+∞ d(gyn, gyn+1) = 0.

Next, we show that {gxn} and {gyn} are Cauchy sequences in g(X). For m > n, we
have

d(gxn, gxm) ≤ d(gxn, gxn+1) + d(gxn+1, gxn+2) + · · ·+ d(gxm−1, gxm)

≤ tn + tn+1 + · · ·+ tm−1
≤ 2φn(ε) + 2φn+1(ε) + · · ·+ 2φm−1(ε) [by (3.11)]

= 2

m−1∑
k=n

φk(ε)

≤ 2

+∞∑
k=n

φk(ε) [by (b) since φ ∈ Φ].

It follows now that {gxn} is a Cauchy sequence in g(X).
Similarly, {gyn} is a Cauchy sequence in g(X). Since g(X) is complete, there exist

x, y ∈ X such that
lim

n→+∞ d(gxn, gx) = lim
n→+∞ d(gyn, gy) = 0. (3.12)

Now we show that gx ∈ F (x, y) and gy ∈ F (y, x).
As {gxn} is a non-decreasing sequence and {gyn} is a non-increasing sequence in X , we

have gxn → gx and gyn → gy. By assumption (A5) we obtain gxn ≤ gx and gyn ≥ gy for
all n.

If gxn = gx and gyn = gy for some n ≥ 0, then gx = gxn ≤ gxn+1 ≤ gx = gxn and
gy ≤ gyn+1 ≤ gyn = gy imply that gxn = gxn+1 ∈ F (xn, yn) and gyn = gyn+1 ∈ F (yn, xn).
So (gxn, gyn) is a coupled coincidence point of F and g.

Suppose that (gxn, gyn) 	= (gx, gy) for all n ≥ 0. From (3.1), we have

H(F (x, y), F (xn, yn)) ≤ φ
(d(gx, gxn) + d(gy, gyn)

2

)
<

d(gx, gxn) + d(gy, gyn)

2
,

because d(gxn, gx) + d(gyn, gy) > 0 and φ(t) < t for all t > 0. By (3.12),

lim
n→+∞H(F (xn, yn), F (x, y)) = 0.

Since gxn+1 ∈ F (xn, yn) and lim
n→+∞ d(gxn+1, gx) = 0, we have gx ∈ F (x, y). Similarly,

gy ∈ F (y, x).
So F and g have a coupled coincidence point. �
Now, denote by Λ the set of non-decreasing continuous functions φ : R → R satisfying:
(I) 0 < φ(t) < t for all t > 0,

(II) g(t) =
t

t− φ(t)
is non-increasing on (0,+∞),

(III)

∫ r

0

g(t) dt < ∞ for all r > 0.

Lemma 3.1 ([3]). We have Λ ⊂ Φ.
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The above Lemma and Theorem 3.1 lead to the following.

Remark 3.1. If (A1) holds for φ ∈ Λ, then Theorem 3.1 still remain valid.

Corollary 3.1. Let (X,≤) be an ordered set such that there exists a metric d on X. Con-
sider the mappings g : X → X and F : X ×X → CB(X) such that F (X ×X) ⊂ g(X) and
satisfy the following conditions:

(A1) There exists k ∈ (0, 1) such that

H(F (x, y), F (u, v)) ≤ k

2

(
d(gx, gu) + d(gy, gv)

)
whenever gx ≥ gu and gy ≤ gv.

(A2) g(X) is a complete subspace of X.
(A3) F has a generalized mixed g-monotone property.
(A4) There exist x0, y0 ∈ X and for some z1 ∈ F (x0, y0), w1 ∈ F (y0, x0) we have

gx0 ≤ z1 and gy0 ≥ w1.
(A5) If a non-decreasing sequence {xn} is convergent to x in X, then xn ≤ x for all n,

and if a non-increasing sequence {yn} is convergent to y in X, then yn ≥ y for all n.
Then F and g have a coupled coincidence point, that is there exist x, y ∈ X such that

gx ∈ F (x, y) and gy ∈ F (y, x).

Proof. It follows by taking φ(t) = kt in Theorem 3.1. �

If we take g = IdX , the identity on X , in Definition 2.5, the mapping F is said to has
generalized mixed monotone property. Then, taking g = IdX in Corollary 3.1 we have:

Corollary 3.2. Let (X,≤) be an ordered set such that there exists a complete metric d on
X. Consider the mapping F : X ×X → CB(X) satisfying the following conditions:

(p1) There exists k ∈ (0, 1) such that

H(F (x, y), F (u, v)) ≤ k

2

(
d(x, u) + d(y, v)

)
whenever x ≥ u and y ≤ v.

(p2) F has a generalized mixed monotone property.
(p3) There exist x0, y0 ∈ X and for some z1 ∈ F (x0, y0), w1 ∈ F (y0, x0) we have

x0 ≤ z1 and y0 ≥ w1.
(p4) If a non-decreasing sequence {xn} is convergent to x in X, then xn ≤ x for all n,

and if a non-increasing sequence {yn} is convergent to y in X, then yn ≥ y for all n.
Then F has a coupled fixed point, that is there exist x, y ∈ X such that x ∈ F (x, y) and

y ∈ F (y, x).

Remark 3.2. Corollary 3.1 (resp. Corollary 3.2) improves and corrects [17, Theorem 3.1]
(resp. Theorem 2.1).

4. CONCLUSION

In this work, we introduced and proved a coupled coincidence point theorem for a
hybrid pair of single valued and multi-valued mappings, satisfying generalized contractive
conditions, defined on a partially ordered metric space. Our results unify, generalize and
complement several known comparable results from the current literature. Especially, some
results of Beg and Butt [6] and Hussain and Alotaibi [17], are particular cases in our theory.
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