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A COMMON FIXED POINT OF INTEGRAL TYPE CONTRACTION IN

GENERALIZED METRIC SPACES

HASSEN AYDI

Abstract. In this paper, we present a common fixed point theorem for two self map-
pings satisfying a contractive condition of integral type in G-metric spaces. Our result
generalizes some well-known results in the literature. Also, we give some examples to
support the presented result.

1. INTRODUCTION

In 1976, Jungck [15] proved a common fixed point theorem for commuting maps gener-
alizing the Banach’s fixed point theorem. This result was further generalized and extended
in various ways by many authors. On the other hand, Sessa [28] defined weak commutativity,
and further, Jungck [15] introduced more generalized commutativity, so called compatibility,
which is more general than that of weak commutativity.

Mustafa and Sims [22] generalized the concept of a metric space. Based on the notion
of generalized metric spaces, Mustafa et al. [20, 21, 23, 24, 25] obtained some fixed point
theorems for mappings satisfying different contractive conditions. For other results, we refer
the reader to [1] - [3], [5] - [8], [12, 13, 16, 27], [29] - [31]. For instance, Abbas and Rhoades [1]
obtained some common fixed point theorems for non commuting maps satisfying different
contractive conditions in the setting of generalized metric space. Recently, Kaewcharoen [16]
proved the existence and uniqueness of common fixed point theorems of a pair of weakly
compatible mappings satisfying Φ-maps in generalized metric spaces, see also a recent paper
of Shatanawi [31]. In this paper, we improve some of above results by proving a common
fixed point theorem for two self mappings satisfying a contractive condition of integral type.

2. PRELIMINARIES

In the sequel, we present some necessary definitions and theorems in generalized metric
spaces.

Definition 2.1. (see [22]). Let X be a non-empty set, G : X × X × X → [0,+∞) be a
function satisfying the following properties:

(G1) G(x, y, z) = 0 if x = y = z;
(G2) 0 < G(x, x, y) for all x, y ∈ X with x �= y;
(G3) G(x, x, y) ≤ G(x, y, z) for all x, y, z ∈ X with y �= z;
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(G4) G(x, y, z) = G(x, z, y) = G(y, z, x) = · · · (symmetry in all three variables);
(G5) G(x, y, z) ≤ G(x, a, a) +G(a, y, z) for all x, y, z, a ∈ X (rectangle inequality).
Then the function G is called a generalized metric, or, more specially, a G-metric on X ,

and the pair (X,G) is called a G-metric space.

Definition 2.2. (see [22]). Let (X,G) be a G-metric space, and let (xn) be a sequence of
points of X . We say that the sequence (xn) is G-convergent to x ∈ X if

lim
n,m→+∞G(x, xn, xm) = 0,

that is, for any ε > 0, there exists N ∈ N such that G(x, xn, xm) < ε, for all n,m ≥ N . We
call x the limit of the sequence and write xn → x or lim

n→+∞ xn = x.

Proposition 2.1. (see [22]). Let (X,G) be a G-metric space. The following are equivalent:
(1) (xn) is G-convergent to x;
(2) G(xn, xn, x) → 0 as n → +∞;
(3) G(xn, x, x) → 0 as n → +∞;
(4) G(xn, xm, x) → 0 as n,m → +∞.

Definition 2.3. (see [22]). Let (X,G) be a G-metric space. A sequence (xn) is is called
a G-Cauchy sequence if, for any ε > 0, there is N ∈ N such that G(xn, xm, x�) < ε for all
m,n, � ≥ N , that is, G(xn, xm, x�) → 0 as n,m, � → +∞.

Proposition 2.2. (see [22]). Let (X,G) be a G-metric space. Then the following are
equivalent:

(1) the sequence (xn) is G-Cauchy;
(2) for any ε > 0, there exists N ∈ N such that G(xn, xm, xm) < ε, for all m,n ≥ N .

Proposition 2.3. (see [22]). Let (X,G) be a G-metric space. Then, the function G(x, y, z)
is jointly continuous in all three of its variables.

Definition 2.4. (see [22]). A G-metric space (X,G) is called G-complete if every G-Cauchy
sequence is G-convergent in (X,G).

Every G-metric on X will define a metric dG on X by

dG(x, y) = G(x, y, y) +G(y, x, x), for all x, y ∈ X. (2.1)

If we take a = α ∈ [0, 1) and b = c = d = 0 in Theorem 2.3 of Abbas and Rhoades [1],
or Corollary 3.1 of Shatanawi [31], and φ(t) = αt in Theorem 2.4 of Kaewcharoen [16], we
get

Theorem 2.1. Let (X,G) be a G-metric space and f, g : X → X such that

G(fx, fy, fz) ≤ αG(gx, gy, gz) (2.2)

for all x, y ∈ X where α ∈ [0, 1). Assume that f(X) ⊂ g(X) and g(X) is a complete subspace
of X, then f and g have a unique point of coincidence in X. Moreover if f and g are weakly
compatible, then f and g have a unique common fixed point.

The following proposition is a main tool used in the proof of Theorem 2.1.

Proposition 2.4. (see [1]). Let f and g be weakly compatible self mappings on a set X.
If f and g have a unique point of coincidence w = fx = gx, then w is the unique common
fixed point of f and g.
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In 2002, Branciari [11] obtained a fixed point theorem for a single mapping satisfying an
analogue of a Banach contraction principle for integral type inequality. After the paper of
Branciari, a lot of research works have been carried out on generalizing contractive conditions
of integral type for different contractive mappings satisfying various known properties, see
for instance ([4, 9, 10, 14, 17, 18, 19, 26], and the references therein). The aim of this
paper is to present the analog of Theorem 2.1, except that (2.2) is replaced by a contractive
condition of integral type. Also, some examples are given to support our results.

3. MAIN RESULTS

Our result is the following

Theorem 3.1. Let (X,G) be a G-metric space and f, g : X → X such that∫ G(fx,fy,fz)

0

u(t)dt ≤ α

∫ G(gx,gy,gz)

0

u(t)dt, (3.1)

for all x, y ∈ X where α ∈ [0, 1) and u : [0,+∞) → [0,+∞) is a Lebesgue integrable mapping
which is summable, non-negative and such that for each ε > 0,∫ ε

0

u(t)dt > 0.

Assume that f(X) ⊂ g(X) and g(X) is a complete subspace of X, then f and g have a
unique point of coincidence in X. Moreover if f and g are weakly compatible, then f and g
have a unique common fixed point.

Proof. Let x0 be arbitrary in X . Since f(X) ⊂ g(X), choose x1 ∈ X such that gx1 = fx0.
Continuing this process, we choose xn+1 such that

yn = gxn+1 = fxn, ∀ n ∈ N. (3.2)

By inequality (3.1), we have∫ G(yn+1,yn+1,yn)

0

u(t)dt =

∫ G(fxn+1,fxn+1,fxn)

0

u(t)dt

≤α

∫ G(gxn+1,gxn+1,gxn)

0

u(t)dt

=α

∫ G(yn,yn,yn−1)

0

u(t)dt.

By induction, one can find∫ G(yn+1,yn+1,yn)

0

u(t)dt ≤ αn

∫ G(y1,y1,y0)

0

u(t)dt. (3.3)

Since α ∈ [0, 1), so lim
n→+∞

∫ G(yn+1,yn+1,yn)

0

u(t)dt = 0. By a property of function u, we

obtain

lim
n→+∞G(yn+1, yn+1, yn) = 0. (3.4)

Now, we shall show that {yn} is a G-Cauchy sequence in g(X).
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Suppose to the contrary. Then there exist ε > 0 and sequences of natural numbers
(m(k)) and (�(k)) such that for every natural number k, m(k) > �(k) ≥ k and

G(ym(k), ym(k), y�(k)) ≥ ε. (3.5)

Now corresponding to �(k) we choose m(k) to be the smallest for which (3.5) holds. So

G(ym(k)−1, ym(k)−1, y�(k)) < ε.

Using (3.5) and the rectangle inequality, we have

ε ≤ G(ym(k), ym(k), y�(k))

≤ G(ym(k), ym(k), ym(k)−1) +G(ym(k)−1, ym(k)−1, y�(k))

< ε+G(ym(k), ym(k), ym(k)−1).

Letting k → +∞ in the above inequality and using (3.4), we get

lim
k→+∞

G(ym(k), ym(k), y�(k)) = ε. (3.6)

Again, a rectangle inequality gives us

G(ym(k)−1, ym(k)−1, y�(k)−1) ≤G(ym(k)−1, ym(k)−1, y�(k)) +G(y�(k), y�(k), y�(k)−1)

<ε+G(y�(k), y�(k), y�(k)−1).

By (3.4), letting k → +∞, we obtain

lim
k→+∞

G(ym(k)−1, ym(k)−1, y�(k)−1) ≤ ε. (3.7)

From (3.1), we have∫ G(ym(k),ym(k),y�(k))

0

u(t)dt =

∫ G(fxm(k),fxm(k),fx�(k))

0

u(t)dt

≤ α

∫ G(gxm(k),gxm(k),gx�(k))

0

u(t)dt

= α

∫ G(ym(k)−1,ym(k)−1,y�(k)−1)

0

u(t)dt.

Letting k → +∞, we find using (3.6) and (3.7)

0 <

∫ ε

0

u(t)dt ≤ α

∫ lim
k→+∞

G(ym(k)−1, ym(k)−1, y�(k)−1)

0

u(t)dt ≤ α

∫ ε

0

u(t)dt

which is a contradiction, since α ∈ [0, 1). Thus, we proved that {gxn} is a G-Cauchy
sequence g(X). Since g(X) is G-complete, we obtain that {gxn} is G-convergent to some
q ∈ g(X). So there exists p ∈ X such that gp = q. From Proposition 2.1, we have

lim
n→+∞G(gxn, gxn, gp) = lim

n→+∞G(gxn, gp, gp) = 0. (3.8)

We will show that gp = fp. Suppose that gp �= fp. By (3.1), we have∫ G(gxn,fp,fp)

0

u(t)dt =

∫ G(fxn−1,fp,fp)

0

u(t)dt ≤ α

∫ G(gxn−1,gp,gp)

0

u(t)dt.

Taking n → +∞, we obtain ∫ G(gp,fp,fp)

0

u(t)dt ≤ 0,
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which implies that G(gp, fp, fp) = 0, so gp = fp. We now show that f and g have a unique
point of coincidence. Suppose that ft = gt for some t ∈ X . By applying (3.1), it follows
that ∫ G(gt,gp,gp)

0

u(t)dt =

∫ G(ft,fp,fp)

0

u(t)dt ≤ α

∫ G(gt,gp,gp)

0

u(t)dt,

which holds unless G(gt, gp, gp) = 0, so gt = gp, that is, the uniqueness of coincidence point
of f and g. From Proposition 2.4, f and g have a unique common fixed point. The proof of
Theorem 3.1 is completed. �
Corollary 3.1. Let (X,G) be a complete G-metric space and f : X → X such that∫ G(fx,fy,fz)

0

u(t)dt ≤ α

∫ G(x,y,z)

0

u(t)dt, (3.9)

for all x, y ∈ X where α ∈ [0, 1) and u : [0,+∞) → [0,+∞) is a Lebesgue integrable mapping
which is summable, non-negative and such that for each ε > 0,∫ ε

0

u(t)dt > 0.

Then, f has a unique fixed point in X.

Proof. It follows by taking g = IdX , the identity on X , in Theorem 3.1. �
Remark that Theorem 3.1 extends and improves Theorem 2.1 by taking u(t) = 1. Also,

Corollary 3.1 extends Theorem 2.1 of Brianciari [11] on the class of G-metric spaces.

Now, we give some examples illustrating our result given by Theorem 3.1.

Example 3.1. Let X = [0, 1] be endowed with the G-metric

G(x, y, z) = max{|x− y|, |y − z|, |x− z|}.
Consider the mappings f, g : X → X given as follows

fx =

⎧⎪⎨
⎪⎩

1

2
if 0 ≤ x ≤ 1

2

0 if
1

2
< x ≤ 1

and gx =

⎧⎪⎨
⎪⎩
x if 0 ≤ x ≤ 1

2

1 if
1

2
< x ≤ 1.

It is easy that f(X) ⊂ g(X), the pair {f, g} is weakly compatible and g(X) is G-complete.
Let u : [0,+∞) → [0,+∞) be defined as

u(t) =

{
e

1
1−t if t > 1

0 if 0 ≤ t ≤ 1.

Note that G(fx, fy, fz) ≤ 1

2
for all x, y, z ∈ X , so

∫ G(fx,fy,fz)

0

u(t)dt = 0, that is, (3.1)

holds. All hypotheses of Theorem 3.1 are satisfied and v =
1

2
is the unique common fixed

point of f and g.

On the other hand, taking x =
1

2
and y = z = 1, we have

G(fx, fy, fz) =
1

2
>

k

2
= kG(gx, gy, gz) for all k ∈ [0, 1),

so (2.2) doesn’t hold, that is, we couldn’t apply Theorem 2.1.
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Example 3.2. Take X = [0,+∞) endowed with the complete G-metric

G(x, y, z) = max{|x− y|, |x− z|, |y − z|},
for all x, y, z ∈ X . Define f, g : X → X as follows

fx = 2x and gx = 3x ∀ x ∈ X.

Take α =
1

2
and u : [0,+∞) → [0,+∞) by u(t) =

t

2
. For all x, y, z ∈ X , we have

∫ G(fx,fy,fz)

0

u(t)dt = ((G(x, y, z))
2 ≤ 9

8
((G(x, y, z))

2
= α

∫ G(gx,gy,gz)

0

u(t)dt,

that is the inequality (3.1). All other hypotheses of Theorem 3.1 are verified, and then v = 0
is the unique common fixed point of f and g.

4. CONCLUSION

In this work, we established a common fixed point result for two mappings f, g : X → X
satisfying a contractive condition of integral type, in generalized metric spaces. It is worth
mentioning that our result doesn’t not rely on the notion of continuity. We supported our
theoretical result by two applied examples where some known results are not applicable. Our
Theorem is an extension of several results as in relevant items from the reference section of
this paper, as well as in the literature in general.

Acknowledgment. The author would like to thank the editor and the referees for
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could not have been refined without their help.

REFERENCES

[1] M. Abbas, A.R. Khan and T. Nazir: Coupled common fixed point results in two generalized metric
spaces, Appl. Math. Comput., 217(2011), 6328-6336.

[2] M. Abbas, S.H. Khan and T. Nazir: Commnon fixed points of R-weakly commuting maps in generalized
metric spaces, Fixed Point Theory Appl., 2011:41 (2011), 11 pages.

[3] M. Abbas and B.E. Rhoades: Common fixed point results for non-commuting mappings without conti-
nuity in generalized metric spaces, Appl. Math. Comput., 215(2009), 262-269.

[4] I. Altun, D. Turkoglu and B.E. Rhoades: Fixed points of weakly compatible maps satisfying a general
contractive condition of integral type, Fixed Point Theory Appl., Volume 2007, Article. ID 17301, pp.
1-9.
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