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WIENER-HOPF EQUATIONS TECHNIQUE FOR MULTIVALUED

GENERAL VARIATIONAL INEQUALITIES

EMAN AL-SHEMAS

Abstract. In this paper, we introduce a new class of variational inequalities
involving two operators. Using the projection technique, we establish the equiva-
lence between the multivalued general variational inequalities and the fixed point
problems as well as with the Wiener-Hopf equations. This equivalent formulation
is used to suggest and analyze some iterative algorithms for solving the multival-
ued general variational inequalities. We also discuss the convergence analysis of
these iterative methods. Several special cases are also discussed.

1. INTRODUCTION

Variational inequalities, which were introduced by Stampacchia [21] in early six-
ties, have played an important role in the development of various fields of pure and
applied sciences. Variational inequalities have been generalized and extended in sev-
eral directions using novel and new techniques, see [1-20] and the references therein.
Noor [12] has shown that the minimum of a class of differentiable nonconvex func-
tions on a nonconvex set can be characterized by a class of variational inequalities,
which is known as general variational inequalities. Motivated and inspired by the
research going on in this field, we introduced and study a new class of variational
inequalities, which is called the multivalued general variational inequalities. Us-
ing the projection techniques, we establish the equivalence bewteen the multivalued
general variational inequalities and the multivalued Wiener-Hopf equations. This
equivalence is used to suggest and analyze a class of projection iterative methods for
solving the multivalued general variational inequalities. We also study the conver-
gence criteria of the proposed iterative methods under suitable conditions. Results
obtain in this paper include the previously obtained results of Noor [12] as special
cases.
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2. PRELIMINARIES

Let K be a nonempty closed and convex set in a real Hilbert space H, whose
inner product and norm are denoted by 〈·, ·〉 and ‖ · ‖ respectively. For given
nonlinear operators g : H → H and T : H → 2H , consider the problem of finding
u ∈ H : η ∈ Tu such that

〈ρη + u− g(u), g(v) − u〉 ≥ 0, ∀v ∈ H : g(v) ∈ K, (2.1)

where ρ > 0 is a constant. Inequality of type (2.1) is called the multivalued general
variational inequality involving two operators.

For g ≡ I, the identity operator, the multivalued general variational inequality
(2.1) is equivalent to finding u ∈ K such that

〈η, v − u〉 ≥ 0, ∀v ∈ K, (2.2)

which is called the multivalued variational inequality.
If T is single valued then the multivalued general variational inequality (2.1) is

equivalent to finding u ∈ H : g(u) ∈ H such that

〈ρTu+ u− g(u), g(v) − u〉 ≥ 0, ∀v ∈ H : g(v) ∈ K, (2.3)

which is called the general variational inequality introduced and studied by Noor
[12] in connection with nonconvex functions. See also Noor and Noor [15,16] for
more details.

If g ≡ I, the identity operator, then problem (2.3) is equivalent to finding u ∈ K
such that

〈Tu, v − u〉 ≥ 0, ∀v ∈ K, (2.4)

which is known as the classical variational inequality introduced and studied by
Stampacchia [21] in 1964. For the recent trends and developments in variational
inequalities, see [2,12-16] and the references therein.

We also need the following well known concepts and results.

Lemma 2.1 ([3]). For a given z ∈ H, u ∈ H satisfies the inequality

〈u− z, v − u〉 ≥ 0, ∀v ∈ K,

if and only if
u = PKz,

where PK is the the projection operator of H onto the closed convex set K.

It is well known that the projection operator PK is a nonexpansive operator.

Definition 2.1. A mapping g : H → H is called
(i) δ-Lipschitz, if for all u1, u2 ∈ H, there exists a constant δ > 0, such that

||g(u1)− g(u2)|| ≤ δ||u1 − u2||;
(ii) σ-strongly monotone, if for all u1, u2 ∈ K, there exists a constant σ > 0,

such that

〈g(u1)− g(u2), u1 − u2〉 ≥ σ||u1 − u2||2.
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Definition 2.2. A multivalued operator T : H → 2H is called
(i) M -Lipschitz, if for all u1, u2 ∈ H, there exists a constant β > 0 such that

η ∈ Tu : M(Tu1 − Tu2) ≤ β||u1 − u2||.
(ii) α-strongly monotone, if for all u1, u2 ∈ K, there exists a constant α > 0,

such that

〈η1 − η2, u1 − u2〉 ≥ α||u1 − u2||2, η1 ∈ Tu1, η2 ∈ Tu2

where M(·, ·) is the Hausdorff metric on C(H).

3. MAIN RESULTS

In this section, we use the Wiener-Hopf equation technique to suggest and an-
alyze an iterative method for solving the multivalued general variational inequality
(2.1). We now consider the problem of solving the Wiener-Hopf equations. To be
more precise, let QK = I−gPK , where I is the identity operator and g is a nonlinear
operator. For given nonlinear operators T : H → 2H and g : H → H, we consider
the problem of finding z ∈ H,u ∈ H such that η ∈ Tu and

η + ρ−1Qkz = 0, (3.1)

where ρ > 0 is a constant. Equations (3.1) are called the multivalued general
Wiener-Hopf equations.

Note that if T : H → H is a single valued then the problem (3.1) is equivalent
to finding z ∈ H such that

TPkz + ρ−1TPkz = QKz (3.2)

which is known as the general Wiener-Hopf equation. We note that if g = I in (3.2)
then one can obtain the original Wiener-Hopf equation, which are mainly due to Shi
[20]. It has been shown that the Wiener-Hopf equations have played an important
and significant role in developing several numerical techniques for solving variational
inequalities and related optimization problems, see [8-18].

First of all, we show that the variational inequality problem (2.1) is equivalent
to the fixed point problem using Lemma 2.1, which is the main motivation of our
next result.

Lemma 3.1. The function u ∈ H : η ∈ Tu such that g(u) ∈ K is a solution of the
multivalued general variational inequality (2.1) if and only if u ∈ k, η ∈ Tu satisfies
the relation

u = PK [g(u)− ρη], η ∈ Tu,

where ρ > 0 is a constant and Pk is the projection operator.

Proof. Let u ∈ H : η ∈ Tu be a solution of (2.1). Then

〈u− (g(u) − ρη), g(v) − u〉 ≥ 0, ∀v ∈ H : g(v) ∈ K,

which is equivalent to
u = PK [g(u) − ρη],
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the required result. �
Using Lemma 3.1, we have.

Lemma 3.2. The function u ∈ H : η ∈ Tu such that g(u) ∈ K is a solution of the
multivalued general variational inequality (2.1) if and only if z ∈ H,u ∈ H : η ∈ Tu
is a solution of the multivalued general Wiener-Hopf equation (3.1), where

u = PKz (3.3)

z = g(u)− ρη, (3.4)

where ρ > 0 is a constant and PK is the projection operator.

Proof. Let u ∈ K be a solution of (2.1), then from Lemma 3.1; we have

u = PK [g(u) − ρη].

Now by using the fact that QK = I − gPK , we obtain

QK(g(u) − ρη) = g(u) − ρη − gPK(g(u)− ρη) = −ρη

from which it follows that
η + ρ−1QKz = 0,

where
z = g(u) − ρη.

Conversely, let z ∈ H,u ∈ H : η ∈ Tu such that η ∈ Tu be a solution of the
multivalued general Wiener-Hopf equations (3.1). Then

ρη = −QKz = gPK(z)− z.

From Lemma (2.1) and (3.3), for all g(v) ∈ K, we obtain

0 ≤ 〈PKz − z, g(v) − u〉 = 〈ρη + u− g(u), g(v) − u〉,
which implies that

〈ρTu+ u− g(u), g(v) − u〉 ≥ 0.

Thus u = PKz is the solution of the multivalued variational inequalities (2.1). �
Lemma 3.2 implies that the multivalued general variational inequalities (2.1)

and the multivalued general Wiener-Hopf equation (3.1) are equivalent. We use
this equivalent formulation to suggest a number of iterative methods for solving the
multivalued general variational inequalities (2.1).

Using (3.4), the Wiener-Hopf equation (3.1) can be rewritten in the form as

QKz = −ρη,

which implies that
z = gPKz − ρη = g(u) − ρη.

By an appropriate and suitable rearrangements of the terms of the general Wiener-
Hopf equations (3.1), one can suggest and analyze a number of iterative methods for
solving the multivalued general variational inequalities (2.1) and related optimiza-
tion problems.
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This fixed point formulation enables to suggest the following iterative method
for solving problem (2.1).

Algorithm 3.1. For a given z0 ∈ H,u0 ∈ K, η0 ∈ Tu0 such that g(u0) ∈ K
compute the approximate solution zn+1, un+1, ηn+1 by the iterative schemes:

un = PKzn, (3.5)

zn+1 = (1− an)zn + anPK [g(un)− ρηn], n = 0, 1, 2 . . . (3.6)

ηn ∈ Tun : ||ηn − ηn−1|| ≤ M(Tun − Tun−1), (3.7)

where ρ > 0 is a constant and an ∈ [0, 1] for all n ≥ 0. Algorithm 3.1 is known as
Mann iteration for solving the Wiener-Hopf equations.

Note that if g = I, the identity operator, then Algorithm 3.1 reduces to the
following iterative method for solving the multivalued variational inequalities (2.2).

Algorithm 3.2. For a given z0 ∈ H,u0 ∈ K, η0 ∈ Tu0, compute the approximate
solution zn+1, un+1, ηn+1 by the iterative schemes:

un = PKzn

zn+1 = (1− an)zn + anPK [un − ρηn], n = 0, 1, 2.

ηn ∈ Tun : ||ηn − ηn−1|| ≤M(Tun − Tun−1)

where ρ > 0 is a constant and an ∈ [0, 1] for all n ≥ 0.

If T is single valued operator then Algorithm 3.1 reduces to the following Algo-
rithm 3.3 for solving problem (2.3).

Algorithm 3.3. For a given z0 ∈ H,u0 ∈ K such that g(u0) ∈ K, compute the
approximate solution zn+1, un+1 by the iterative schemes:

un = PKzn

zn+1 = (1− an)zn + anPK [g(un)− ρTun], n = 0, 1, 2.

where ρ > 0 is a constant and an ∈ [0, 1] for all n ≥ 0.

If g = I and T is single valued, then Algorithm 3.1 reduces to the following
Algorithm 3.4 for solving the problem (2.4).

Algorithm 3.4. For a given z0 ∈ H,u0 ∈ K, compute the approximate solution
zn+1, un+1 by the iterative schemes

un = PKzn

zn+1 = (1− an)zn + anPK [un − ρTun], n = 0, 1, 2.

where ρ > 0 is a constant and an ∈ [0, 1] for all n ≥ 0.

We now consider the convergence analysis of Algorithm 3.1 and this is the main
motivation of our next result.
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Theorem 3.1. Let the multivalued operator T : H → 2H be α-strongly monotone
and M-Lipschitz with constant β > 0, and g : H → H be σ-strongly monotone and
δ-Lipschitz. If

∣∣∣∣ρ−
α

β2

∣∣∣∣ <
√

α2 − μ2(2k − k2)

β2
, (3.8)

α > β
√

k(2− k), k < 1,

where

k =
√

1− 2σ + δ2, (3.9)

and an ∈ [0, 1],

∞∑

n=0

an = ∞, then the approximate solutions {zn}, {un} and {ηn}
obtained from Algorithm 3.1 converges strongly to a solution z ∈ H,u ∈ K , η ∈ Tu
satisfying the multivalued general Wiener-Hopf equations (3.1).

Proof. Let u ∈ K, η ∈ Tu such that g(u) ∈ K be a solution of (2.1). Then, using
Lemma 3.2, we have

z = (1− an)z + anPK{g(u) − ρη}, (3.10)

where an ∈ [0, 1] and

∞∑

n=0

an = ∞. To prove the result, we need first to evaluate

||zn+1 − z|| for all n ≥ 0. From (3.4) and (3.6), and the nonexpansivity of PK , we
have

||zn+1 − z|| = ||(1− an)zn + anPK{g(un)− ρηn} − (1− an)z − anPK{g(u) − ρη}||
≤ (1− an)||zn − z||+ an||g(un)− g(u)− ρ(ηn − η)||
≤ (1− an)||zn − z||+ an||un − u− (g(un)− g(u))||

+an||un − u− ρ(ηn − η)||. (3.11)

From the α-strongly monotonicity and M-Lipschitz continuity of the operator
T, we have

||un − u− ρ(ηn − η)||2
= ||un − u||2 − 2ρ〈ηn − η, un − u〉+ ρ2||ηn − η||2
≤ ||un − u||2 − 2ρα||un − u‖2 + ρ2(M(Tu1 − Tu2))

2

≤ ||un − u||2 − 2ρα||un − u||2 + ρ2β2||un − u||2]
= (1− 2ρα+ ρ2β2)||un − u||2. (3.12)

In a similar way, we have

‖un − u− (g(un)− g(u))‖ ≤ [1− 2σ + δ2]||un − u||2
= k2||un − u||2, (3.13)

where k is defined by (3.9).
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Combining (3.11), (3.12) and (3.13), we have

||zn+1 − z|| ≤ (1− an)||zn − z||+ anθ||un − u||, (3.14)

where θ =
√

1− 2ρα+ ρ2β2 + k.
Also from (3.3) and (3.5) and the nonexpansivity of the projection operator PK ,

we have

||un − u|| ≤ ||PKzn − PKz|| ≤ ||zn − z||. (3.15)

Combining (3.14), and (3.15), we have

||zn+1 − z|| ≤ (1− an)||zn − z||+ anθ||zn − z||
≤ [1− (1− θ)an]||zn − z||,

≤
n∏

i=0

[1− (1− θ)ai]||z0 − z||.

Since
∞∑

n=0

an diverges and 1 − θ > 0, we have lim
n→∞

n∏

i=0

[1 − (1 − θ)]ai = 0 and then

lim
n→∞ ||zn+1− z|| = 0. Consequently the sequences {zn} and {un} converges strongly

to z in H and u in K.
Now we prove that ηn → η ∈ Tu. From (3.7), we have

||ηn − ηn−1|| ≤ M(Tun − Tun−1) ≤ β||un − un−1||,
which implies that {ηn} is a Cauchy sequence in H, so there exists η ∈ H such that
ηn → η. Further,

d(η, Tu) = Inf{||η − t|| : t ∈ Tu} ≤ ||η − ηn||+ d(ηn, Tu)

≤ ||η − ηn||+M(Tun − Tun−1)

≤ ||η − ηn||+ β||un − u|| → 0.

Hence, since Tu is closed, we have η ∈ Tu, which completes the proof. �
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