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WEAKENED BERTRAND CURVES IN THE

GALILEAN SPACE G3

HANDAN BALGETİR ÖZTEKİN

Abstract. In this article, Frenet-Bertrand curves and weakened Bertrand curves
in the Galilean space G3 are investigated. Some characterizations for this curves
are obtained.

1. INTRODUCTION

Bertrand curves discovered by J. Bertrand in 1850 are one of the important and
interesting topic of classical special curve theory. A Bertrand curve is defined as a
special curve which shares its principal normals with another special curve (called
Bertrand mate). Note that Bertrand mates are particular examples of offset curves
used in computer-aided design (see [8]).

Bertrand curves are characterized as special curves whose curvature and torsion
are in linear relation. Thus Bertrand curves may be regarded as 1-dimensional
analogue of Weingarten surfaces. For application of Weingarten surfaces to CAGD,
we refer to [3], [4].

Bertrand curves and their geodesics imbedding in surfaces are recently rediscov-
ered and studied in the context of modern soliton theory by Schief (see [13]). Null
Bertrand and nonnull Bertrand curves in Minkowski 3-space are studied in [1], [2].
Weakened Bertrand curves are studied in [7].

On the other hand, as is stated in [5], a range of new types of geometries have
been invented and developed in the last two centuries. They can be introduced in
a variety of manners. One possible way is through projective manner, where one
can express metric properties through projective relations. For this purpose a fixed
conic (called absolute) in infinity is taken and all metric relations with respect to
the absolute. This approach is due to A. Cayley and F. Klein who noticed that
due to the nature of the absolute, various geometries are possible. For details on
this development we refer [11]. Among this geometries there are also Galilean and
pseudo Galilean geometries. They are very important in physics. Galilean space-
time plays the same role in nonrelativistic physics that Minkowski space-time does
in relativistic physics.
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The studies of curves and their characterizations in the Galilean space are not
enough for Differential Geometry and Mathematical Physics. In this regard, we stud-
ied the Frenet-Bertrand curves and the weakened Bertrand curves in the Galilean
space G3 and obtained some characterizations for them. In this paper, our main pur-
pose is to carry out some results which were given in [7] to Frenet-Bertrand curves
and Weakened Bertrand curves in the galilean space G3. Related results obtained
by our research group in Firat University can be found in [9], [14].

2. BASIC CONCEPTS

Differential geometry of the Galilean space G3 is largely developed in [12].
The Galilean space is a three dimensional complex projective space P3 in which

the absolute figure {w, f, I1, I2} consist of a real plane w (the absolute plane), a real
line f ⊂ w (the absolute line) and two complex conjugate points I1, I2 ∈ f (the
absolute points).

We shall take, as a real model of the space G3, a real projective space P3 with
the absolute {w, f} consisting of a real plane w ⊂ G3 and a real line f ⊂ w on which
an elliptic involution ε has been defined.

Let it be in homogeneous coordinates

w . . . x0 = 0, f . . . x0 = x1 = 0

ε : (0 : 0 : x2 : x3) → (0 : 0 : x3 : −x2).

In the nonhomogeneous coordinates the similarity group H8 has the form

x′ = a11 + a12x,

y′ = a21 + a22x+ a23 cosϕy + a23 sinϕz,

z′ = a31 + a32x− a23 sinϕy + a23 cosϕz,

where aij and ϕ are real numbers. For a12 = a23 = 1 we have the subgroup B6 ⊂ H8-
the group of isometries of the Galilean space G3:

x′ = a+ x

B6 . . . y
′ = b+ cx+ y cosϕ+ z sinϕ

z′ = d+ ex− y sinϕ+ z cosϕ.

In G3 there are four classes of lines:
i) (proper) nonisotropic lines-they don’t meet the absolute line f ;
ii) (proper) isotropic lines-lines that don’t belong to the plane w but meet the

absolute line f ;
iii) unproper nonisotropic lines-all lines of w but f ;
iv) the absolute line f .
Planes x = const. are Euclidean, so is the plane w. Other planes are isotropic

[12].
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Scalar product in Galilean space G3 is defined by

g(X,Y ) =

{
x1y1 if x1 �= 0 ∨ y1 �= 0

x2y2 + x3y3 if x1 = 0 ∧ y1 = 0,

where X = (x1, x2, x3) and Y = (y1, y2, y3).
A curve c : I ⊂ R → G3 of the class Cr (r ≥ 3) in the Galilean space G3 is

defined by the parametrization

c(s) = (s, y(s), z(s)),

where s is a Galilean invariant and the arc length on c.
The curvature κ(s) and the torsion τ(s) are defined by

κ(s) =
√

y′′(s)2 + z′′(s)2, τ(s) =
det(c′(s), c′′(s), c′′′(s))

κ2(s)
,

respectively.
The orthonormal frame in the sense of Galilean geometry is defined by

T = c′(s) = (1, y′(s), z′(s)),

N =
1

κ(s)
c′′(s) =

1

κ(s)
(0, y′′(s), z′′(s)), (2.1)

B =
1

κ(s)
(0,−z′′(s), y′′(s)).

The vectors T , N , B in (2.1) are called the vectors of the tangent, principal normal
and the binormal line of c, respectively. They satisfy the following Frenet equations
[13]

T ′ = κN,

N ′ = τB, (2.2)

B′ = −τN.

3. FRENET BERTRAND CURVES IN THE GALILEAN SPACE G3

Definition 3.1. Let c : I → G3 be a regular curve with non-zero curvature and arc
length parameter s. If there exists another regular curve c̃ such that the principal
normals of c and c̃ at each pair of corresponding points coincide with the line joining
corresponding points then c is called a Bertrand curve and the curve c̃ is called a
Bertrand conjugate of c.

Definition 3.2. Let c be a regular curve with non-zero curvature in the Galilean
space G3. If there exists a family of Frenet frames {T (s), N(s), B(s)} satisfy the
Frenet equations (2.2), then c is called a Frenet curve.

Definition 3.3. Let c be a Frenet curve in the Galilean space G3. If there exists

another Frenet curve c̃ such that the principal normal vectors N and Ñ at corre-
sponding points on c and c̃ lie on the line joining the corresponding points then c is
called Frenet-Bertrand curve and denoted by FB curve. The curve c̃ is called a FB
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conjugate of c. The pair of curves (c, c̃) is said to be a Frenet-Bertrand pair in the
Galilean space G3.

Theorem 3.1. Let c be a FB curve and c̃ be a FB conjugate of c. Then the distance
|u| between corresponding points of c and c̃ is constant, and there is a constant angle

θ such that g(T, T̃ ) = cos θ.

Proof. Let {T,N,B} and {T̃ , Ñ , B̃} be the Frenet frame on G3 along c and c̃, re-
spectively. Since (c, c̃) is a pair of FB curve, we can write

c̃ = c+ uN. (3.1)

If we differentiate of the equation (3.1) with respect to s, we obtain

T̃
ds̃

ds
= T + u′N + uN ′, (3.2)

where s and s̃ are parameter on c and c̃, respectively and
ds̃

ds
�= 0. If we consider the

equations (2.2) and using (3.2) we have

T̃
ds̃

ds
= T + u′N + uτB. (3.3)

Since {T,N,B} is the Frenet frame on G3 along c and (c, c̃) is a pair of FB curve,
we obtain

u′ = 0,

this means that u is constant.
Now, let define

T̃ = cos θT + sin θB (3.4)

such that θ is the angle between T and T̃ , where if we differentiate of the equation
(3.4) with respect to s, then we obtain

κ̃Ñ
ds̃

ds
=

d(cos θ)

ds
T + (κ cos θ − τ sin θ)N +

d(sin θ)

ds
B.

Since {T,N,B} is the Frenet frame on G3 along c and (c, c̃) is a pair of FB curve

(Ñ = εN with ε = ±1), we have

cos θ = const.,

which means that θ = const. �
Considering (3.3) and (3.4), we obtain

cos θ =
ds

ds̃
and sin θ =

ds

ds̃
uτ, (3.5)

hence we get

τ =
tan θ

u
= const.

Now write
c = c̃− εuÑ.
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Therefore we have

T
ds

ds̃
= T̃ − εuτ̃ B̃ (3.6)

and
T = cos θT̃ − ε sin θB̃. (3.7)

If we consider (3.6) and (3.7) we get

cos θ =
ds̃

ds
and sin θ =

ds̃

ds
uτ̃ , (3.8)

and from the equations (3.5) and (3.8) we have

τ τ̃ =
sin2 θ

u2
= const. (> 0).

Thus we can give the following theorems.

Theorem 3.2. Let c be a curve in the Galilean space G3. Then c is a FB curve if
and only if c is a curve with constant torsion τ.

Theorem 3.3. Let c be a FB curve in the Galilean space G3. If tan θ = 0 then c
is a planar curve.

Theorem 3.4. Let c be a FB curve in the Galilean space G3. If c is a curve with
constant curvature κ then c is non-planar circular helix.

4. WEAKENED BERTRAND CURVES IN THE GALILEAN SPACE G3

Definition 4.1. Let c : I → G3 be a regular curve with arc length parameter s. If

there exists another regular curve c̃ : Ĩ → G3 and a homeomorphism σ : I → Ĩ such
that:

(i) there exists two (disjoint) closed subsets Z, N of I with void interiors such

that σ ∈ C∞ on I\N,

(
ds̃

ds

)
= 0 on Z, σ−1 ∈ C∞ on σ(I\Z) and

(
ds

ds̃

)
= 0 on

σ(N);
(ii) the line joining corresponding points s, s̃ of c and c̃ is orthogonal to c and

c̃ at the points s, s̃ respectively, and is along the principal normal to c or c̃ at the
points s, s̃ whenever it is well defined,
then c is called a weakened Bertrand curve and denoted by WB curve. The curve
c̃ is said to be a WB conjugate of c.

Thus for a WB curve we not only drop the requirement of c being a Frenet

curve, but also allow

(
ds̃

ds

)
to be zero on a subset with void interior (

(
ds̃

ds

)
= 0 on

an interval would destroy the injectivity of the mapping σ). Since

(
ds̃

ds

)
= 0 implies

that

(
ds

ds̃

)
does not exist, the apparently artificial requirements in (i) are in fact

quite natural.
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Definition 4.2. Let D be a subset of a topological space X. A function on X into a
set Y is said to be D-piecewise constant if it is constant on each component of D [7].

Lemma 4.1. Let X be a proper interval on the real line and D an open subset
of X. Then a necessary and sufficient condition for every continuous, D-piecewise
constant real function on X to be constant is that X\D should have empty dense-
in-itself kernel [7].

We notice that if D is dense in X, any C1 andD-piecewise constant real function
on X must be constant, even if D has non-empty dense-in-itself kernel.

Theorem 4.1. A WB curve in the Galilean space G3 for which N an Z have empty
dense-in-itself kernels is a FB curve in the Galilean space G3.

Proof. Let c : s → c(s), s ∈ I, be a WB curve and c̃ : s̃ → c̃(s̃), s̃ ∈ Ĩ a WB
conjugate of c. It is clear the definition that c and c̃ have tangent vectors T (s) and

T̃ (s̃), respectively. Let

c̃(s) ≡ c̃(σ(s)) = c(s) + u(s)N(s), (4.1)

where N(s) is some unit vector function and u(s) ≥ 0 is some scalar function.

Let D = I\N, D̃ = I\σ(Z). Then s̃(s) ∈ C∞ on D and s(s̃) ∈ C∞ on D̃.

Step 1. To prove u = const.

Since u = |c̃− c| , it is continuous on I and is of class C∞ on every interval of
D on which it is nowhere zero. Let P = {s ∈ I : u(s) �= 0} and X any component of
P. Then P and X are open in I. Let J be any component interval of X ∩D. Then
u(s) and N(s) are of class C∞ on J . Considering the (4.1) we get

c̃′ = c′(s) + u′(s)N(s) + u(s)N ′(s).

From the Definition 4.1 we have

g(c′(s), N(s) = 0 = g
(
c̃′, N(s)

)
.

Thus we get u = const. on J. Hence u is constant on each component interval of
X ∩D. But X is also open in I, by connectedness we must have X = I, that is, u
is constant on I.

Step 2. To prove the existence the Frenet frames {T (s), N(s), B(s)} and {T̃ (s̃),
Ñ(s̃), B̃(s̃)} for c and c̃ on D and D̃, respectively.

Since u is non-zero constant, it follows from (4.1) that N(s) is continuous on I
and C∞ on D, it is also orthogonal to T (s). If we define B(s) = T (s)XN(s), then
{T (s), N(s), B(s)} is orthonormal frame for c. From the Definition 4.1 there exists
a scalar function κ(s) such that

T ′(s) = κ(s)N(s) on I.

Hence κ(s) = g(T ′(s), N(s)) is continuous on I and C∞ on D. It is clear to show
that there exists a function τ(s) on D such that the Frenet formulas hold. Thus
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{T (s), N(s), B(s)} is a Frenet frame for c on D. Similarly there exists a orthonormal

frame {T̃ (s̃), Ñ(s̃), B̃(s̃)} for c̃ on D̃. Moreover, we can choose Ñ(σ(s)) = N(s).

Step 3. To prove that N = Ø and Z = Ø.

We first notice that on D we have

g(T, T̃ )′ = g(T, s̃′κ̃Ñ) + g(κN, T̃ ) = 0,

so that g(T, T̃ ) is constant on each component of D and hence on I by Lemma 4.1.
Consequently there exists a constant angle θ such that

T̃ (s) = cos θT (s) + sin θB(s) on I.

Furthermore,

Ñ(s) = N(s)

and so

B̃(s) = − sin θT (s) + cos θB(s).

Thus {T̃ (s̃), Ñ(s̃), B̃(s̃)} are of class C∞ on D and D̃. If we write (4.1) following
form

c = c̃− uÑ

and differentiate with respect to s on D ∩σ−1( D̃), we have

T = s̃′(T̃ − uτ̃B̃).

and

T = cos θT̃ − sin θB̃.

Hence

s̃′ = cos θ and s̃′uτ̃ = sin θ. (4.2)

Since κ̃(s̃) = g(T̃ ′, Ñ) is defined and continuous on Ĩ and σ−1( D̃) is dense.
case 1. sin θ �= 0. Then (4.2) implies that s̃′ �= 0 on D. Hence Z =Ø and

similarly N =Ø.
case 2. sin θ = 0. Then

T̃ = ±T.

Differentiating of (4.1) with respect to s in D gives

s̃′T̃ = T + uτB.

Thus using (4.2) we get uτ = 0. Therefore

τ = 0 on D.

and so also on I. �
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