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NEW TYPE DUALITIES IN PDI AND PDE CONSTRAINED

OPTIMIZATION PROBLEMS

ariana pitea, constantin udrişte and ştefan mititelu

Abstract. In a previous paper [8], Pitea, Udrişte and Mititelu considered the
problem (MFP) of minimizing a vector of quotients of functionals of curvilinear
integrals subject to PDE and/or PDI constraints and studied efficiency necessary
conditions for the problem (MFP). The goal of the present work is to associate
to this problem a dual, (MFD), and to establish some connections between these
two programs. We state a weak duality theorem proving that the minimum value
of the objective function of the primal is not less than the maximum value of the
objective function of the dual. Then we give direct and converse duality theorems
which prove that the values of primal and dual programs are equal in certain
conditions. While Section 1 is introductory [7], Section 2 is new as a whole,
containing our results.

1. INTRODUCTION AND PRELIMINARIES

Let (T, h) and (M,g) be Riemannian manifolds of dimensions p and n, respec-
tively. The local coordinates on T and M will be written t = (tα) and x = (xi),
respectively. Let J1(T,M) be the first order jet bundle associated to T and M .

Using the product order relation on R
p, the hyperparallelepiped Ωt0,t1 , in R

p,
with the diagonal opposite points t0 = (t10, . . . , t

p
0) and t1 = (t11, . . . , t

p
1), can be

written as being the interval [t0, t1]. Suppose γt0,t1 is a piecewise C1-class curve
joining the points t0 and t1.

The closed Lagrange 1-forms densities of C∞-class

fα = (f �
α) : J

1(T,M) → R
r, � = 1, r, α = 1, p,

and
kα = (k�α) : J

1(T,M) → R
r, � = 1, r, α = 1, p

determine the following path independent functionals

F �(x(·)) =
∫
γt0,t1

f �
α(t, x(t), xγ(t)) dt

α, K�(x(·)) =
∫
γt0,t1

k�α(t, x(t), xγ(t)) dt
α,
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where xγ(t) =
∂x

∂tγ
(t), γ = 1, p are partial velocities.

The closeness conditions (complete integrability conditions) are Dβf
�
α = Dαf

�
β,

and Dβk
�
α = Dαk

�
β, α, β = 1, p, α �= β, � = 1, r, where Dβ is the total derivative.

Suppose

K�(x(·)) =
∫
γt0,t1

k�α(t, x(t), xγ(t)) dt
α > 0.

Also we accept that the Lagrange matrix densities

g = (gba) : J
1(T,M) → R

ms, a = 1, s, b = 1,m, m < n,

of C∞-class defines the partial differential inequations (PDI) (of evolution)

g(t, x(t), xγ(t)) <= 0, t ∈ Ωt0,t1 , (1.1)

and the Lagrange matrix densities

h = (hba) : J
1(T,M) → R

qs, a = 1, s, b = 1, q, q < n,

defines the partial differential equations (PDE) (of evolution)

h(t, x(t), xγ(t)) = 0, t ∈ Ωt0,t1 . (1.2)

The aim of this work is to introduce and study two dual programs:
(1) the multi-time multi-objective fractional variational problem (MFP) of min-

imizing a vector of quotients of path independent curvilinear functionals

(MFP) min
x(·)

(
F 1(x(·))
K1(x(·)) , . . . ,

F r(x(·))
Kr(x(·))

)
,

(2) the multi-objective variational dual problem

(MFD)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max
y(·)

(
F 1(y(·))
K1(y(·)) , . . . ,

F r(y(·))
Kr(y(·))

)
subject to

Λ10
�

∂f �
α

∂y
(t, y(t), yγ(t))− Λ20

�

∂k�α
∂y

(t, y(t), yγ(t))

+ < μα(t),
∂g

∂y
(t, y(t), yγ(t)) > + < να(t),

∂h

∂y
(t, y(t), yγ(t)) >

−Dγ

(
Λ10
�

∂f �
α

∂yγ
(t, y(t), yγ(t))−Λ20

�

∂k�α
∂yγ

(t, y(t), yγ(t))

+ < μα(t),
∂g

∂yγ
(t, y(t), yγ(t)) >+< να(t),

∂h

∂yγ
(t, y(t), yγ(t)) >

)
= 0,

t ∈ Ωt0,t1 , α = 1, p

< μα(t), g(t, y(t), yγ (t)) >+< να(t), h(t, y(t), yγ(t)) > >
= 0,

α = 1, p, t ∈ Ωt0,t1

Λ10 ≥ 0,



New type dualities in PDI and PDE constrained optimization problems 83

taking into account that the functions x(t), y(t) have to satisfy the boundary con-
ditions x(t0) = x0, x(t1) = x1, or x(t)|∂Ωt0,t1

=given, respectively, y(t0) = y0,

y(t1) = y1, or y(t)|∂Ωt0,t1
= given, the partial differential inequations of evolution

(1.1), and the partial differential equations of evolution (1.2).
Let C∞(Ωt0,t1 ,M) be the space of all functions x : Ωt0,t1 → M of C∞-class, with

the norm

‖x‖ = ‖x‖∞ +

p∑
α=1

‖xα‖∞.

If

F(Ωt0,t1) = {x ∈ C∞(Ωt0,t1 ,M) |x(t0) = x0, x(t1) = x1, g(t, x(t), xγ(t)) <= 0,

h(t, x(t), xγ(t)) = 0, t ∈ Ωt0,t1}
is the set of all feasible solutions of the previous problems, we can write

x(·) ∈ F(Ωt0,t1), y(·) ∈ F(Ωt0,t1).

The paper [8] introduced and studied the problem (MFP), given necessary con-
ditions for the efficiency of a feasible solution.

To develop the theory in our main section, we need the notion of efficient solu-
tion.

Definition 1.1. A feasible solution x◦(·) ∈ F(Ωt0,t1) is called efficient solution for
the program (MFP) if and only if for any feasible solution x(·) ∈ F(Ωt0,t1), we have
the implication

F (x(·))
K(x(·))

>
=

F (x◦(·))
K(x◦(·)) =⇒ F (x(·))

K(x(·)) =
F (x◦(·))
K(x◦(·)) ,

where
F (x(·))
K(x(·)) =

(
F 1(x(·))
K1(x(·)) , . . . ,

F r(x(·))
Kr(x(·))

)
.

Remark 1.1. To study significant basic ideas of optimization problems of path
independent curvilinear integrals with PDE constraints or with isoperimetric con-
straints as multiple integrals or path independent curvilinear integrals, the reader is
encouraged to see [3], [4], [5], [7], [8], [12], [13], [14] and [15].

It is well known that such kind of optimization problems arise in wide areas
of research in pure and applied sciences and in the new technology as well. First
of all, we have in mind the material sciences where many times optimal estimation
of material parameters is required, either non-destructive determination of faults is
needed. Next, chemistry which provides a huge class of constrained optimization
problems such as the determination of contamination sources given the flow model
and the variance of the source. Last, but not least, games theory where the main
study is finding optimal wining strategies. All of these considerations motivate the
theoretical research given in this paper.
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In the problems of our study the objective function is of curvilinear integral
type and could mould the entropy when we have in mind physics or minimizing the
cost or maximizing the profit when we discuss economical problems.

2. MAIN RESULTS

Let ρ be a real number and b : C∞(Ωt0,t1 ,M)×C∞(Ωt0,t1 ,M) → [0,∞) a func-
tional. To any closed 1-form a = (aα) we associate the path independent curvilinear
functional

A(x(·)) =
∫
γt0,t1

aα(t, x(t), xγ(t)) dt
α.

The following definition of the quasiinvexity [2], [6], [9], [10], [16] [17], helps us
to state the results included in this section.

Definition 2.1. The functional A is called [strictly] (ρ, b)-quasiinvex at the point
x◦(·) if there is a vector function

η : J1(Ωt0,t1 ,M)× J1(Ωt0,t1 ,M) → R
n,

such that
η(t, x◦(t), x◦γ(t), x

◦(t), x◦γ(t)) = 0,

and the functional θ : C∞(Ωt0,t1 ,M) × C∞(Ωt0,t1 ,M) → R
n, such that for any x(·)

[x(·) �= x◦(·)], the following implication holds

(A(x(·)) <= A(x◦(·))) ⇒
(
b(x((·), x◦(·))

∫
γt0,t1

[
< η(t, x(t), xγ(t), x

◦(t), x◦γ(t)),

∂aα
∂x

(t, x◦(t), x◦γ(t)) > + < Dγη(t, x(t), xγ(t), x
◦(t), x◦γ(t)),

∂aα
∂xγ

(t, x◦(t), x◦γ(t)) >
]
dtα[<] <= − ρb(x(·), x◦(·))‖θ(x(·), x◦(·))‖2

)
.

Let us denote by π(x◦(·)) the minimizing functional vector of the problem
(MFP ) at the point x◦(·) ∈ F(Ωt0,t1) and by δ(y(·), yγ(·),Λ10,Λ20, μ(·), ν(·)) the
maximizing functional vector of the dual problem (MFD) at the point
(y(·), yγ(·),Λ10,Λ20, μ(·), ν(·)) ∈ Δ, where Δ is the domain of the problem (MFD).

Theorem 2.1 (Weak duality). Let x◦(·) be a feasible solution of the problem (MFP)
and y(·) be an efficient solution of the problem (MFD). Assume that the following
conditions are fulfilled:

a) Λ10
� > 0, Λ20

� > 0, � = 1, r, Λ10
� F �(y(·)) − Λ20

� K�(y(·)) = 0;

b) for any � = 1, r, the functional F �(x(·)) is (ρ′�, b)-quasiinvex at the point y(·)
and the functional −K�(x(·)) is (ρ′′�, b)-quasiinvex at the point y(·) with respect to
η and θ;

c)

∫
γt0,t1

[< μα(t), g(t, x(t), xγ (t)) > + < να(t), h(t, x(t), xγ (t)) >]dtα is (ρ′′′, b)

- quasiinvex at y(·) with respect to η and θ;
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d) one of the functionals of b), c) is strictly quasiinvex;

e) ρ′�Λ10
� + ρ′′�Λ20

� + ρ′′′ >− 0.

Then, the inequality π(x◦(·)) ≤ δ(y(·), yγ(·),Λ10,Λ20, μ(·), ν(·)) is false.

Proof. From b) it follows

(F �(x◦(·)) <= F �(y(·)))⇒
(
b(x◦(·), y(·))

∫
γt0,t1

[
<η(t, x◦(t), x◦γ(t), y(t), yγ(t)),

∂f �
α

∂y
(t, y(t), yγ(t))>+< Dγη(t, x

◦(t), x◦γ(t), y(t), yγ(t)),
∂f �

α

∂yγ
(t, y(t), yγ(t))>

]
dtα

<
= − ρ′�b(x◦(·), y(·))‖θ(x◦(·), y(·))‖2

)
, � = 1, r, (2.1)

and

(−K�(x◦(·))<=−K�(y(·)))⇒
(
b(x◦(·), y(·))

∫
γt0,t1

[
<−η(t, x◦(t), x◦γ(t), y(t), yγ(t)),

∂k�α
∂y

(t, y(t), yγ(t))>+<−Dγη(t, x
◦(t), x◦γ(t), y(t), yγ(t)),

∂k�α
∂yγ

(t, y(t), yγ(t))>

]
dtα

<
= ρ′′�b(x◦(·), y(·))‖θ(x◦(·), y(·))‖2

)
, � = 1, r. (2.2)

We multiply (2.1) by Λ10
� > 0 and (2.2) by Λ20

� > 0. We make the sum and we
obtain the following implications

(
Λ10
� F �(x◦(·))) − Λ20

� K�(x◦(·)) <= 0

)
⇒
(
b(x◦(·), y(·))

∫
γt0,t1

{
< η(t, x◦(t), x◦γ(t), y(t), yγ(t)), Λ

10
�

∂f �
α

∂y
(t, y(t), yγ(t))

−Λ20
�

∂k�α
∂y

(t, y(t), yγ(t)) >+< Dγη(t, x
◦(t), x◦γ(t), y(t), yγ(t)),

Λ10
�

∂f �
α

∂yγ
(t, y(t), yγ(t))− Λ20

�

∂k�α
∂yγ

(t, y(t), yγ(t)) >

}
dtα

<
= − b(x◦(·), y(·))‖θ(x◦(·), y(·))‖2(ρ′�Λ10

� + ρ′′�Λ20
� )

)
. (2.3)
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According to the hypothesis c), we have

(∫
γt0,t1

[
< μα(t), g(t, x

◦(t), x◦γ(t)) > + < να(t), h(t, x
◦(t), x◦γ(t)) >

]
dtα <

=∫
γt0,t1

[< μα(t), g(t, y(t), yγ (t))>+<να(t), h(t, y(t), yγ (t)) >]dtα
)

⇒

⇒
(
b(x◦(·), y(·))

∫
γt0,t1

< η(t, x◦(t), x◦γ(t), y(t), yγ(t)), < μα(t),
∂g

∂y
(t, y(t), yγ(t)) >

+ < να(t),
∂h

∂y
(t, y(t), yγ(t)) >> + < Dγη(t, x

◦(t), x◦γ(t), y(t), yγ(t)),

< μα(t),
∂g

∂yγ
(t, y(t), yγ(t)) > + < να(t),

∂h

∂yγ
(t, y(t), yγ(t)) >> dtα

<
= − ρ′′′b(x◦(·), y(·))‖θ(x◦(·), y(·))‖2

)
. (2.4)

Making the sum of the implications (2.3) and (2.4) it follows

(
Λ10
� F �(x◦(·))−Λ20

� K�(x◦(·))+
∫
γt0,t1

[
< μα(t), g(t, x

◦(t), x◦γ(t)) >

+ < να(t), h(t, x
◦(t), x◦γ(t)) >]dtα −

∫
γt0,t1

[< μα(t), g(t, y(t), yγ (t)) >

+ < να(t), h(t, y(t), yγ (t)) >]dtα <
= 0

)
⇒

⇒
(
b(x◦(·), y(·))

∫
γt0,t1

< η(t, x◦(t), x◦γ(t), y(t), yγ(t)),Λ
10
�

∂f �
α

∂y
(t, y(t), yγ(t))

−Λ20
�

∂k�α
∂y

(t, y(t), yγ(t))+ < μα(t),
∂g

∂y
(t, y(t), yγ(t)) >

+ < να(t),
∂h

∂y
(t, y(t), yγ(t)) >> + < Dγη(t, x

◦(t), x◦γ(t), y(t), yγ(t)),

Λ10
�

∂f �
α

∂yγ
(t, y(t), yγ(t))− Λ20

�

∂k�α
∂yγ

(t, y(t), yγ(t))

+ < μα(t),
∂g

∂yγ
(t, y(t), yγ(t)) > + < να(t),

∂h

∂yγ
(t, y(t), yγ(t)) >> dtα

< −b(x◦(·), y(·))‖θ(x◦(·), y(·))‖2
(
ρ′�Λ10

� + ρ′′�Λ20
� + ρ′′′

))
. (2.5)
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Since b(x◦(·), y(·)) > 0, we obtain∫
γt0,t1

< η(t, x◦(t), x◦γ(t), y(t), yγ(t),
∂Vα

∂y
(t, y(t), yγ(t), λ, μ(·), ν(·) >

+ < Dγη(t, x
◦(t), x◦γ(t), y(t), yγ(t)),

∂Vα

∂yγ
(t, y(t), yγ(t), λ, μ(·), ν(·)) > dtα

< −‖θ(x◦(·), y(·))‖2
(
ρ′�Λ10

� + ρ′′�Λ20
� + ρ′′′

)
, (2.6)

where

Vα(t, y(·), yγ(·), λ, μ(·), ν(·)) = Λ10
� f �

α(t, y(t), yγ(t))− Λ20
� k�α(t, y(t), yγ(t))

+ < μα(y(t)), g(t, y(t), yγ (t)) >+< να(t), h(t, y(t), yγ (t)) >, t ∈ Ωt0,t1 , α = 1, p.

The following relation holds

< Dγη(t, x
◦(t), x◦γ(t), y(t), yγ(t)),

∂Vα

∂yγ
(t, y(t), yγ(t), λ, μ(t), ν(t)) >

= Dγ < η(t, x◦(t), x◦γ(t), y(t), yγ(t)),
∂Vα

∂yγ
(t, y(t), yγ(t), λ, μ(t), ν(t)) >

− < η(t, x◦(t), x◦γ(t), y(t), yγ(t)),Dγ

(
∂Vα

∂yγ

)
(t, y(t), yγ(t), λ, μ(t), ν(t)) >. (2.7)

By replacing the relations (2.7) and by using Euler-Lagrange PDE, the relation
(2.6) becomes∫

γt0,t1

Dγ < η(t, x◦(t), x◦γ(t), y(t), yγ(t)),
∂Vα

∂yγ
(t, y(t), yγ(t), λ, μ(t), ν(t)) > dtα

< −‖θ(x◦(·), y(·))‖2
(
ρ′�Λ10

� + ρ′′�Λ20
� + ρ′′′

)
. (2.8)

Let

Qγ
α(t)=< η(t, x◦(t), x◦γ(t), y(t), yγ(t)),

∂Vα

∂yγ
(t, y(t), yγ(t), λ, μ(t), ν(t)) >, α, γ=1, p,

and

I =

∫
γt0,t1

DγQ
γ
α(t) dt

α.

According to [14], §9, we have the following

Lemma 2.1. A total divergence is equal to a total derivative.
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Consequently, there exists Q(t), with Q(t0) = 0 and Q(t1) = 0 such that
DγQ

γ
α(t) = DαQ(t) and

I =

∫
γt0,t1

DαQ(t) dtα = Q(t1)−Q(t0) = 0.

Replacing into the inequality (2.8), it follows that

0 < −‖θ(x◦(·), y(·))‖2
(
ρ′�Λ10

� + ρ′′�Λ20
� + ρ′′′

)
.

From hypothesis e), the previous relation becomes 0 < 0, that is false. From
relation (2.5), it follows

0 <
= Λ10

� F �(x◦(·))−Λ20
� K�(x◦(·))+

∫
γt0,t1

[
< μα(t), g(t, x

◦(t), x◦γ(t)) >

+ < να(t), h(t, x
◦(t), x◦γ(t)) >]dtα −

∫
γt0,t1

[< μα(t), g(t, y(t), yγ (t)) >

+ < να(t), h(t, y(t), yγ(t)) >]dtα.

Taking into account the inequality∫
γt0,t1

[< μα(t), g(t, y(t), yγ(t)) > + < να(t), h(t, y(t), yγ (t)) >]dtα >
= 0,

the above-mentioned relation becomes

Λ10
� F �(x◦(·)) − Λ20

� K�(x◦(·)) > 0,

that is

K�(x◦(·))K�(y(·))
[
F �(x◦(·))
K�(x◦(·)) −

F �(y(·))
K�(y(·))

]
> 0.

Because K�(x◦(·))K�(y(·)) > 0, � = 1, r, we conclude that(
(
F 1(x◦(·))
K1(x◦(·)) −

F 1(y(·))
K1(y(·)) , . . . ,

F r(x◦(·))
Kr(x◦(·)) −

F r(y(·))
Kr(y(·))

)
�≤ (0, . . . , 0)))

or (
F 1(x◦(·))
K1(x◦(·)) , . . . ,

F r(x◦(·))
Kr(x◦(·))

)
�≤
(
(
F 1(y(·))
K1(y(·)) , . . . ,

F r(y(·))
Kr(y(·))

)
.

Therefore, the relation π(x◦(·)) ≤ δ(y(·), yγ(·),Λ10,Λ20, μ(·), ν(·)) is not satis-
fied. �

We shall finish our considerations by giving the statements of two results on
direct duality and converse duality, respectively. For proofs, see [8].

Theorem 2.2 (Direct duality). Let x◦(·) be an efficient solution of (MFP) and
suppose that the hypotheses of Theorem 2.1 are satisfied. Then there are the scalars
Λ10,Λ20 ∈ R

r and the smooth functions μ◦ : Ωt0,t1 → R
msp, ν◦ : Ωt0,t1 → R

qsp such
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that (x◦(·), x◦γ(·),Λ10,Λ20, μ◦(·), ν◦(·)) is an efficient solution of the dual program

(MFD) and π(x◦(·)) = δ(x◦(·), x◦γ(·),Λ10,Λ20, μ◦(·), ν◦(·)).
We shall present now a theorem concerning the converse duality, by changing

some of the hypotheses.

Theorem 2.3 (Converse duality). Let (x◦(·), x◦γ(·),Λ10,Λ20, μ◦(·), ν◦(·)) be an effi-
cient solution of the dual problem (MFD) and suppose that the following conditions
are fulfilled:

a) x̄(·) is an efficient solution of the primal problem (MFP);
b) for any �=1, r, we have

F �(x◦(·)) > 0, K�(x◦(·)) > 0, Λ10
� F �(x◦(·))− Λ20

� K�(x◦(·))=0;

c) for any � = 1, r, the functional F �(x(·)) is (ρ′�, b)-quasiinvex at the point x◦(·)
and the functional −K�(x(·)) is (ρ′′�, b)-quasiinvex at the point x◦(·), with respect to
η and θ;

d)

∫
γt0,t1

[<μα(t), g(t, x(t), xγ (t))>+<να(t), h(t, x(t), xγ (t)) >] dtα

is (ρ′′′, b)-quasiinvex at the point x◦(·) with respect to η and θ;
e) one of the functionals of c), d) is strictly (ρ′�, b), (ρ′′�, b) or (ρ′′′, b)-quasiinvex

with respect to η and θ, respectively;

f) ρ′�Λ10
� + ρ′′�Λ20

� + ρ′′′ >− 0.

Then x̄(·) = x◦(·) and moreover, π(x◦(·)) = δ(x◦(·), x◦γ(·),Λ10,Λ20, μ◦(·), ν◦(·)).
Remark 2.1. If we would like to make a computer aided study of PDE and/or
PDI optimization problems we can try to perform symbolic computations. In this
respect, we recommend the Maple software package [1], [11].
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[4] Şt. Mititelu: Optimality and duality for invex multi-time control problems with mixed con-

straints, J. Adv. Math. Studies, 2(2009), No. 1, 25-34.
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